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By employing the new ultraspinning limit we construct novel classes of black holes with non¬ 
compact event horizons and finite horizon area and study their thermodynamics. Our ultraspinning 
limit can be understood as a simple generating technique that consists of three steps: i) transforming 
the known rotating AdS black hole solution to a special coordinate system that rotates (in a given 2- 
plane) at infinity ii) boosting this rotation to the speed of light iii) compactifying the corresponding 
azimuthal direction. In so doing we qualitatively change the structure of the spacetime since it is 
no longer possible to return to a frame that does not rotate at infinity. The obtained black holes 
have non-compact horizons with topology of a sphere with two punctures. The entropy of some of 
these exceeds the maximal bound implied by the reverse isoperimetric inequality, such black holes 
are super-entropic. 


I. INTRODUCTION 

A fundamental result in the study of black holes is 
Hawking’s theorem concerning the topology of black hole 
horizons [T]. Hawking showed that the two-dimensional 
event horizon cross sections of four-dimensional asymp¬ 
totically flat stationary black holes satisfying the domi¬ 
nant energy condition necessarily have topology . This 
result indicates that asymptotically flat, stationary black 
holes in four dimensions are highly constrained systems. 

More interesting black hole solutions are permitted in 
four and higher dimensions if one relaxes some of the as¬ 
sumptions going into Hawking’s theorem. For example, 
since Hawking’s argument relies on the Gauss-Bonnet 
theorem, it does not directly extend to higher dimen¬ 
sions. It is then not so surprising that higher-dimensional 
spacetimes permit a much richer variety of black hole 
topologies. The most famous example of this type is the 
black ring solution of Emparan and Reall which has hori¬ 
zon topology S'^xS^ [2] . Despite the failure of Hawking’s 
result in higher dimensions, Galloway and Schoen proved 
the less restrictive condition that the (d— 2)-dimensional 
cross section of the event horizon (in the stationary case) 
and outer apparent horizons (in the general case) are 
of positive Yamabe type, i.e., admit metrics of positive 
scalar curvature [3]- 

Another possibility is to relax asymptotic flatness. 
For example, in four-dimensional (locally) asymptotically 
anti de Sitter (AdS) space the Einstein equations admit 
black hole solutions with the horizons being Riemann sur¬ 
faces of any genus g ms]- Higher-dimensional asymptot¬ 
ically AdS spacetimes are also known to yield interesting 
horizon topologies, for example, black rings with horizon 
topology X [9] and rotating black hyperboloid 
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membranes with horizon topology x S'^~^ (TU] . More 
generally, event horizons which are Einstein manifolds 
of positive, zero, or negative curvature are possible in 
d-dimensional asymptotically AdS space min]. 

Recently a new type of four-dimensional rotating black 
hole solution has been constructed in [12] and elaborated 
upon in [T3l[Il] for both M = 2 gauged supergravity cou¬ 
pled to vector multiplets and Einstein-Maxwell-A the¬ 
ory. Supergravity solutions such as this are generically 
interesting since they correspond to string theory ground 
states, and therefore topics such as microscopic degen¬ 
eracy can be studied utilizing the AdS/CFT correspon¬ 
dence m- Interest in this particular solution is further 
motivated by the fact that these black holes possess a 
non-compact event horizon of finite area (and therefore 
finite entropy), providing the first example of such ob¬ 
jects in the literature to date. Topologically, the event 
horizon is a sphere with two punctures, demonstrating 
that the landscape of possible event horizon topologies is 
even richer than previously thought. 

These black holes, in a sense, correspond to a new type 
of ultraspinning limit of the Kerr-Newman-AdS solution. 
Ultraspinning black holes were first studied by Emparan 
and Myers [T6| in an analysis focusing on the stability of 
Myers-Perry black holes m in the limit of large angular 
momentum. The analogous limit for rotating Kerr-AdS 
black holes is the case where the rotation parameter, a, 
approaches the AdS radius, 1; however, the result of the 
limit is not unique and depends on how the limit is per¬ 
formed. Galdarelli et al. m considered the case where 
a —?► I keeping the physical mass M fixed while simul¬ 
taneously zooming in to the pole. This limit is sensible 
only for d > 6 and yields a static black brane. Armas 
and Obers later showed that the same solution can be 
obtained by taking a —>■ oo while keeping the ratio a/1 
fixed, their approach having the advantage of being di¬ 
rectly applicable to dS solutions as well [TH| . Galdarelli et 
al. have also studied the a —?> I limit in the case of fixed 
r-(_ while zooming into the pole [lOL I19j . This prescrip¬ 
tion, valid for d > 4, yields a rotating black hyperboloid 
membrane with horizon topology x To avoid 
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confusion in what follows we shall refer to the first men¬ 
tioned AdS ultraspinning limit as the black brane limit, 
to the second as the hyperboloid membrane limit, and (for 
reasons that will become clear shortly) to the ultraspin¬ 
ning limit considered in this work as the super-entropic 
limit. Interestingly, as shown in m, the super-entropic 
limit coincides with the hyperboloid membrane limit near 
the poles, but globally they are distinct. 

More recently, a simple technique was introduced in 
m allowing one to perform the super-entropic limit di¬ 
rectly from the Kerr-Newman-AdS solution. The essence 
of this procedure is as follows: one begins with the Kerr- 
Newman-AdS metric written in rotating-at-infinity coor¬ 
dinates then transforms the azimuthal coordinate (j) and 
takes the a —>■ I limit in a way that keeps the metric fi¬ 
nite, but results in a non-compact azimuthal coordinate. 
One can then compactify the new azimuthal coordinate 
to obtain the solution presented in The result¬ 

ing metric rotates with the speed of light at infinity, and 
so the structure of the spacetime has been qualitatively 
changed through this limit. This ^generating procedure^ 
can be applied to the singly rotating Kerr-AdS solution in 
d-dimensions HU, generalizing the original 4-dimensional 
solution m to higher-dimensions. The d-dimensional 
black holes resulting from this procedure have horizons 
that are topologically (d—2)-spheres with two punctures. 

The analysis of the extended phase space thermody¬ 
namics (see, e.g., review [20) 1 for these unique black 
holes provided more motivation for their study. Indeed, 
it was recently shown m that in extended thermody¬ 
namic phase space, these black holes provide the first 
counterexample to the conjectured ^Reverse Isoperimet- 
ric Ineguality’’ m- the physical statement asserting that 
for a black hole of given thermodynamic volume the en¬ 
tropy will be maximal for the (charged) Schwarzschild 
AdS black hole. As such, these black holes exceed their 
expected maximal entropy and so we refer to them as 
^super-entropic’. 

The purpose of this paper is to further explore the 
applicability of the super-entropic limit. In particular, 
we shall investigate whether such a limit can be taken 
for multi-spinning black holes and/or combined with the 
traditional ultraspinning limits. In so doing we will gen¬ 
erate a broad class of new multi-spinning super-entropic 
black holes (with one super-entropic direction) in higher 
dimensions and, in particular, obtain new super-entropic 
black holes in minimal gauged supergravity. We find that 
while the black brane limit can be taken simultaneously 
in several directions (i.e. for several rotation parameters), 
this seems impossible for the super-entropic limit. While 
it seems that the black brane and super-entropic limits 
cannot be combined, we managed to combine the super- 
entropic limit with the hyperboloid membrane limit, ob¬ 
taining a new interesting solution that we describe in 
Appendix B. 

Our paper is organized as follows. We begin in 
Sec. II with the discussion of singly-spinning super- 
entropic black holes: we review how these solutions can 


be obtained by taking the super-entropic limit of singly- 
spinning Kerr-AdS black holes and discuss their extended 
phase space thermodynamics. We then use the straight¬ 
forward super-entropic limit procedure to obtain a broad 
class of new black hole solutions. In particular, in Sec. Ill 
we generate a new solution of minimal gauged supergrav¬ 
ity, and in Sec. IV generalize the singly spinning super- 
entropic black holes to the case of multiple rotations. In 
all cases we discuss the extended phase space thermo¬ 
dynamics and investigate the isoperimetric ratio to de¬ 
termine whether the newly constructed black holes are 
super-entropic or not. Our conclusions are in Section V, 
after which we have three appendices containing supple¬ 
mentary material about the various ultraspinning limits. 
Appendix A is devoted to the black brane limit of mul¬ 
tiply spinning Kerr-AdS black holes. Appendix B to the 
hyperboloid membrane limit, and Appendix C to the 
‘uniqueness’ of the ‘special rotating frame’ employed in 
the super-entropic limit procedure. 


II. SINGLY SPINNING SUPER-ENTROPIC 
BLACK HOLES 


A. Super-entropic limit of Kerr-AdS black hole 


In what follows we shall construct new AdS black hole 
solutions by employing the novel super-entropic ultra¬ 
spinning limit in which the rotation parameter a attains 
its maximal value, equal to the AdS radius 1. The pro¬ 
cedure consists of the following steps, i) We start from a 
given rotating AdS black hole and, to eliminate any pos¬ 
sible divergent terms in the metric that would prevent us 
from taking the a —)■ I limit, recast it in a rotating-at- 
infinity coordinate system that allows one to introduce 
a rescaled azimuthal coordinate, ii) We then take the 
a I limit, effectively ‘boosting’ the asymptotic rota¬ 
tion to the speed of light, iii) Finally, we compactify the 
corresponding azimuthal direction. In so doing we qual¬ 
itatively change the structure of the spacetime since it 
is no longer possible to return to a frame that does not 
rotate at infinity. The obtained black holes have non¬ 
compact horizons with topology of a sphere with two 
punctures. After analyzing some of their properties, we 
study the extended phase space thermodynamics of such 
black holes. As we shall see, they exceed the maximal 
entropy bound implied by the reverse isoperimetric in¬ 
equality. Such black holes are super-entropic. 

Let us first demonstrate this procedure on the Kerr- 
Newman-AdS black hole in four dimensions [H]. We 
write the metric in the ‘standard Boyer-Lindquist 
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form’ 
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( 2 . 2 ) 


with the horizon rp defined by Aa{rh) = 0. As written, 
the coordinate system rotates at infinity with an angular 
velocity floo = —a/P and the azimuthal coordinate (f) is 
a compact coordinate with range 0 to 27r. The choice 
of coordinates (13, while convenient, is not necessary 
to obtain the metric (2.3) below, as we demonstrate in 
Appendix 0 

We now want to take the limit a —>■ L To avoid a 
singular metric in this limit, we need only define a new 
azimuthal coordinate ip = (the metric is already 
written in coordinates that rotate at infinity) and identify 
it with period 27r/S to prevent a conical singularity. After 
this coordinate transformation the a —^ I limit can be 
straightforwardly taken and we get the following solution: 


= —— [dt — I sirPOdip] + -^dr^ 
2-i ZA 

+ [idt - (r^ + P)dip] ^ , 


-dr 


sm 


A = {dt — I siTpOdip) 

Z-; 


(2.3) 


where 


2 2 

S = -I- cos^d , A = -I- — 2mr + . (2.4) 

Note that coordinate ip is now a noncompact azimuthal 
coordinate, which we now choose to compactify by re¬ 
quiring that Ip ^ Ip + fj,. The result is equivalent to the 
metric presented in m for the case of vanishing mag¬ 
netic and NUT charges, as can be seen directly using the 
following coordinate transformation: 

T = t, p = lcos9, a = —ip/l, L = p/l. (2.5) 

Originally, this solution was found as a limit of the 
Carter-Plebaiiski solution and corresponds to the case 
where the angular quartic structure function has two dou¬ 
ble roots nails]. 


and elaborate upon them here. We find that the met¬ 


ric (2.3) indeed describes a black hole, with horizon at 


r = (the largest root of A(r_|_) = 0), and whose topol¬ 
ogy is that of a cylinder, i.e. a sphere with two punctures. 
Indeed any fixed {r,t) sections have the same topology: 
they are non-compact and approach Lobachevsky space 
near the axis. The d = 0, tt axis is removed from the 
spacetime, and the ip coordinate becomes null as r —> oo. 

We first note that there is a minimum value of the mass 
required for horizons to exist. Examining the roots of A 
in eq. (2.4) we find 


where 


m > rriQ = 2ro ^ 


+ 1 


( 2 . 6 ) 


P 

2 _ '• 
rn = — 




(2.7) 


For m > uiQ horizons exist while for m < uiq there is 
a naked singularity. When m = mo the two roots of A 
coincide and the black hole is extremal. 

Since 

Usin'^d / 2\ /r, r,\ 

dbb = 72 - —2 uwr -q ) , (2.8) 

P cos^ d -I- 

it follows (using m > mo and > rp) that is strictly 
positive outside the horizon, indicating that the space- 
time is free of closed timelike curves. 

To gain a deeper understanding of the spacetime, let 
us consider the geometry of constant (f, r) surfaces. The 
induced metric on such a surface reads. 


ds^ = 


-\- P cos^ d P sin"^ 6{2mr — qp 


sin^ d 


-d9^ 


-|- P cos^ d 


dip^. (2.9) 


This metric appears to be ill-defined for d = 0, tt. To 
ensure there is nothing pathological occurring near these 
points let us examine the metric in the small d limit (due 
to symmetry, the d = tt limit will be identical). We 
introduce the change of variables. 


K = 1{1 — cosd), 

and examine the metric for small k. This yields 

dKp 

AhP ' {r'^ + Pp 


ds^ = {P + P) 


4(2mr-g2) 

-n d'lp 


( 2 . 10 ) 


( 2 . 11 ) 


which is nothing but a metric of constant negative cur¬ 
vature on a quotient of the hyperbolic space H^. This 
implies that the t,r = const, slices are non-compact man¬ 
ifolds and that the space is free from pathologies near the 
polesQ In particular, this analysis applies to the case of 


B. Basic properties 

Although the metric ( |2.3| ) have been previously investi¬ 
gated insofar as its the basic properties m and thermo¬ 
dynamics |14] are concerned, for completeness we review 


^ The statement that these surfaces are non-compact should not be 
confused with the idea that they extend to r = oo: they are, after 
all, a surface at r = const.. The notion is better understood as 
meaning that there is infinite proper distance between any fixed 
0 E (0, tt) and either pole. 
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the black hole horizon, for which, 


dsl = {rl + l^) 


cLk^ 2 

+ 1 ?'^* 


(2J2) 


showing that the horizon is non-compact. 

The above argument has allowed us to conclude that, 
near the poles, the spacetime is free of pathologies. How¬ 
ever, using this argument alone we cannot conclude any¬ 
thing definitive about what happens precisely at 0 = 0 , tt. 
Shortly we shall return to this question and move to¬ 
wards an answer through a study of geodesic motion in 
the spacetime. The corresponding analysis indicates that 
the 0 = 0 axis appears to be excised from the spacetime. 

To visualize the geometry of the horizon, we embed 
it in Euclidean 3-space m- The induced metric on the 
horizon is 


dsf^ — fjtp'ijjdip QQfjdO 


r=r+ 


(2.13) 


We identify this line element with the line element in 
cylindrical coordinates. 


dsg = -|- dR‘^ -I- E^dcf^ 


yielding 


fdz{9)Y fdR{9)\ 

d 0 j \ d9 ) 


(2.14) 

(2.15) 


where the prefactor in eq. (2.14) comes from the man¬ 


ner in which we have compactified Unfortunately, the 
resulting equations cannot be solved analytically. How¬ 
ever it is straightforward to integrate them numerically 
for various values of r+,l and g, as shown in Fig. We 
stress that the reader should not confuse the fact that 
z( 0 ) extends to ±oo at the poles with the horizon ex¬ 
tending to spatial infinity in the bulk spacetime. 

The ergosphere is the region for which the Killing vec¬ 
tor dt is no longer timelike, given by 


A - sin^0 < 0 , 


(2.16) 


with equality corresponding to its outer boundary. Al¬ 
though at 0 = 0 , TT the ergosphere appears to touch the 
horizon, this does not take place since this axis is excised 
from the spacetime as we shall see. 


On the conformal boundary the metric (2.3) takes the 
following form (the conformal factor being given by P/r^) 


P 

dshdrv = —dP — 21 s\vP9dtdii) H-^d0^ (2.17) 

^ sin 0 


and we see that 'i/' becomes a null coordinate there. Writ¬ 
ing again k, = 1{1 — cos 0 ), the small k limit gives 


P 

dsudrv = —dP — ‘Hnd'ipdt -\ - T^dn^ , 

4s;^ 


(2.18) 





FIG. 1. Horizon embedding. The horizon geometry of a 4d 
super-entropic black hole is embedded in for the following 
choice of parameters: q — 0, I — 1, r+ = pW and /i = 27r. 


which is nothing else but an AdSg written as a Hopf-like 
fibration over Due to the symmetry of the metric, an 
identical result holds for 0 = tt. This shows that there is 
no pathology near the poles while the poles themselves 
are excised from the boundary (see next subsection). 

In fact, more generally for any fixed r > r_|_, and after 
a substitution sin 0 = e“^, the expansion for small 0 i.e. 
large y gives in the leading order 


ds^ = — - 


A 


P 


dP + {P + P)dy^ + f dtd^ 

-h 


(2.19) 

To leading order in e this metric is AdSg with ijj a null 
coordinate, indicating that as we approach the poles the 
coordinate 'ip becomes null (the component 5 ^^ vanish ing 
as Retention of this latter term yields (2.12) as 

r —>■ r_|_. 


C. Geodesics and the symmetry axis 

In order to understand the role of the symmetry axis 
0 = 0, TT, we shall now study the geodesics. The geometry 
admits a closed conformal Killing-Yano 2-form, h = db, 

b = {P cos ^0 — P)dt — 1{P cos ^0 — P siiP9)dip , ( 2 . 20 ) 

inherited from the Kerr-AdS spacetime. Such an object 
guarantees separability of the Hamilton-Jacobi, Klein- 
Gordon, and Dirac equations in this background. In par¬ 
ticular, it generates a Killing tensor kat = {*h)ac{*hYb, 
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{akbc) = 0, whose existence implies a Carter constant 
of motion [53], kabU°‘vk‘, rendering geodesic motion (with 
4-velocity completely integrable. 

The fastest way to obtain the explicit expressions for 
the 4-velocity is to separate the Hamilton-Jacobi equa¬ 
tion [53] 


dS 


+9 


dS dS 


d\ 


dx‘^ dx^ 


where the inverse metric to (2.31 reads 

A, 


di = - 


1 


[l sin^Odt + d^] ^ 


S sin ‘^0 


( 2 . 21 ) 


sim 0 , 


[ir^ + P)d, + ld^Y+‘^d^^ + ^-^di 


( 2 . 22 ) 


and where one can identify dS with the momentum 1- 
form u 


daS = Ua . (2.23) 

We seek an additive separated solution (with the con¬ 
stants £,h,a = —u^ corresponding to explicit symme¬ 
tries) 


S = aX — £t + hip + R{r) + A{9) 


(2.24) 


giving from (2.211 
1 


[_(^2 + ^ si ^^,2 

2-1 2-i 


SA 

-I - \h — Is\t?0£Y = 0, 

Esin^6» ^ ^ 


(2.25) 


an argument showing that the symmetry axis 0 = 0 , tt 
cannot be reached by null geodesics (cr = 0) emanating 
from the bulk in a finite affine parameter. This indicates 
that the axis is some kind of a ‘boundary’ that is to be 
excised from the spacetime. 

Let us probe the behavior close to 0 = 0 (the discus¬ 
sion for 0 = TT is due to the symmetry analogous). Con¬ 
sider ‘ingoing’ null geodesics for which 9 decreases. For 
any finite value of C, it is obvious from the expression 
underneath the square root in the last equation (2.27) 


that when h ^ 0, 9 = 0 cannot be reached (the term 
[h — l£ sin^0]^/ sin'^^ dominates for small 9 driving the 
square root imaginary). 

Consider next h = 0. Then we have 


9 = -P£^ . 


(2.28) 


It is straightforward to show from the third equation in 
(2.27) that there exists a constant C = C* > 0 and 


r = r* > r+ such that r(r*) = 0; or in other words 
there exists a constant-r surface along which such pho¬ 
tons are confined. Such geodesics will spiral towards 
0 = 0 with Ip ^ 0. For small 0 we obtain 0/0 « —b^ = 
— y/C* — P£‘^/rl =constant, i.e., 0 —>■ Photons 

moving on constant r = surfaces spiral toward 9 — 0 
in infinite affine parameter. Moreover, using the first 
equation (2.27) together with (2.28), we have 


^ = —/csin0 , 
dt 


A,Va - P£^ 
£P{2mr^ — q^) ^ 


(2.29) 




where R' = dR/dr and A' = dA/d9. Multiplying by S 
and reshuffling the terms, we obtain 


I f d9 1, / 0\ 

t = —- / ^—- = — - ln( tan - I + const. (2.30) 
k J sm0 k V 2/ 


C=-ar^ + ^ + f)£ + Ih]^ - AR'^ 

= sin^0A'^ -I- aP cos^0 -I — [h — I sin^0f ] ^, (2.26) 

where C is Carter’s constant, the additional (hidden) in¬ 
tegral of geodesic motion. 

Hence the geodesic 4-velocity {ut = —£,u^ = h) is 
given by 

£{2mr — q^)P lh{^A — siT?9{r'^ + P)) 

EA EAsh?0 

■ /i(A — sin‘^0Z^) l £(A — sin^0(r^ -|- P)) 

^ “ EAsh?0 EAsin20 ’ 

r = ^ yj[Ih - (r2 -H P)£f -AC - aAr^ , (2.27) 

0 = - ^ \h — I sin^0g1 ^ — aP cos20 , 

E V sin 0 

where cr^ = ± and ag = ± are independent signs. 

To fully understand these geodesics a further analysis 
going beyond the scope of this paper is required (as in 
[26|1. In what follows we limit ourselves to presenting 


Evidently, as 0 approaches zero, t oc — |:ln0 —)■ oo; the 
axis is reached in infinite coordinate time t. Hence ]ffio- 
tons of this type can never reach the symmetry axisjj 
The final possibility is that (while h = 0) the coordi¬ 
nate r changes as the photon approaches 0 = 0. Dividing 
the last two equation in (2.27) and introducing the fol¬ 


lowing dimensionless quantities: 


r 

^ = r 


A = 


2m 


l(l-P£^/C) 


> 0 , B = 


2ml 


(2.32) 


2 For comparison, let us review here the behavior of radial 
geodesics in AdS space. Writing the metric in static coordinates, 
ds"^ = —fdt^ + dv^!f^ / = 1 + j]? ^ we have 2 constants of 

motion = —a and ut = —e, giving 

t=^, r = ±CP - O'/ . (2.31) 

Specifically, radial null geodesics (cr = 0) starting from r = 0 
reach AdS boundary situated at r = oo in infinite affine pa¬ 
rameter, r = r/e oo, but (integrating drjdt = /) at finite 
coordinate time t = /arctan(r//) = 7r//2. 
































black hole thermodynamics then reads 
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we find that 
f dO 


■ ^ = In tan - = —<7r 

sin6» V 2/ 


dx 


(2.33) 


y/W)' 

where P{x) is the fourth-order polynomial given by 

P{x)=A{x-B)-{l + x‘^f. (2.34) 

It is easy to see that P{x) can have at most 2 positive 
roots 0 < xi < a ;2 and that geodesic motion occurs for 
r = xl obeying xi < x < X 2 - The case Xi = X 2 corre¬ 
sponds to motion on fixed r = r^, discussed in the previ¬ 
ous paragraph. To reach 9 = 0, the l.h.s. of Eq. ( |2.33 ) 
diverges as ln0. However, in the region of allowed mo¬ 
tion, the r.h.s. of (2.33) remains finite (as only simple 
roots of P{x) occur)) This excludes the final possibil¬ 
ity that the axis 9 = 0 can be reached by null geodesics 
emanating from some finite 9q in the bulk. 

Finally, a much simpler argument, based on studying 
null geodesics on the conformal boundary, indicates that 
the axis of symmetry is in fact removed from the space- 
time. Writing sin0 = e“^, the metric on the conformal 
boundary reads 


ds^ = —dt^ + l^dy^ + 2le '^'^dtdip . 


(2.35) 


5M = TSS + niSJi + <^SQ + VSP , (2.38) 

i 

a result supported by geometric arguments m- Note 
that the mass of the black hole M is no longer interpreted 
as internal energy but rather as chemical enthalpy [27) . 
The angular velocities and the electric potential 4) 
are measured with respect to infinity. The corresponding 
Smarr relation 

= (2.39) 

i 

can be derived from a scaling (dimensional) argu¬ 
ment [27) . 

A remarkable property of the thermodynamic volume 
is that (prior to the cases studied in [T3]) for all black 
holes studied to date it satisfies what is known as the 
reverse isoperimetric inequality [^. Indeed, it was con¬ 
jectured in [21) that the isoperimetric ratio 


The geodesic motion on this space admits 3 constants 
of motion = —a, Ut = —S and = h, giving the 
following 3 equations for null geodesics: 

ij; =^{h-£le~'^y), 

e^y . _ 

y = ±^^h(2£le-^y -h). (2.36) 

From the last equation it is obvious that no null geodesic 
emanating from finite yo can reach the pole y = oo {9 = 
0 ) on the conformal boundary. 

To summarize, the above arguments clearly demon¬ 
strate that the symmetry axis 0 = 0 , tt is actually not 
part of the spacetime and represents instead some kind 
of a boundary. It is an interesting question as to whether 
such a boundary has similar properties to those of the 
boundary of AdS space (cf. footnote 2). 


D. Thermodynamics and the Reverse 
Isoperimetric Inequality 


We shall now study the therm ody namics of the ob¬ 
tained ultraspinning black hole (2.3). We do this in 
an extended phase space framework where the cos¬ 
mological constant is identified with the thermodynamic 
pressure according to 


(d-l)(d-2) 
Stt IOttP 


(2.37) 


in d spacetime dimensions, with its conjugate quantity 
treated as thermodynamic volume V. The first law of 


always satisfies 7^ > 1. Here V is the thermodynamic 
volume, A is the horizon area, and ujd stands for the area 
of the space orthogonal to constant (t, r) surfaces; in the 
d-dimensional super-entropic spacetime it is 




d-l 


pLir 2 



(2.41) 


due to the compactification of the ‘super-entropic az¬ 
imuthal coordinate’; the result for a standard unit sphere 
is recovered upon setting pL = 2 tt. This inequality deep¬ 
ens our mathematical understanding of black hole ther¬ 
modynamics insofar as it places a constraint on the en¬ 
tropy of an AdS black hole. Physically, this inequality 
is the statement that for a black hole of a given ther¬ 
modynamic volume, the entropy will be maximal for the 
(charged) Schwarzschild-AdS black hole. 

In the framework of extended phase space thermo¬ 
dynamics the thermodynamic quantities associated with 
the solution (2.3) read [HUH 


M = 


S = 


V = 


pLm 
^ ’ 
A 
4’ 
r+A 


j = Ml, n = 


T = 


1 


I 


+ p 


A = 2pL{f + r^). 


3 ^ - 1 - 


4> = 


47rr_|_ P 
qr+ 


P + r\ 


' -I- 




Q = ^. 

^ 27r 


(2.42) 


Note that, due to the singular nature of the ultraspinning 
limit performed, these cannot be obtained by taking the 
a —>■ I limit of the Kerr-Newman-AdS thermodynamic 
quantities. 
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The isoperimetric ratio now reads (note that, due to 
the compatification of ip, the volume of the 2-dimensional 
unit ‘sphere’ in this spacetime is 2^) 


n = 





1/6 

< 1. (2.43) 


In other words, the obtained black holes provide a 
counterexample to the conjectured Reverse Isoperimetric 
Inequality—for a given thermodynamic volume their en¬ 
tropy exceeds that of the Schwarzschild-AdS black hole. 
As such, these black holes are super-entropic El- 


E. Singly spinning super-entropic black holes in all 
dimensions 


This object guarantees complete integrability of geodesic 
motion as well as separability of the Hamilton-Jacobi, 
Klein-Gordon, and Dirac equations in this background; 
see [2H] for analogous results in the Kerr-AdS case. In 
particular, the geodesics can be discussed in a way anal¬ 
ogous to the previous subsection. 

Also the arguments concerning the behavior near the 
symmetry axis at 0 = 0, tt for the 4-dimensional case can 
be repeated here. The induced metric on the horizon is 




sin^ 0 
-\- ri cos^ BdVP' 


d-4 ) 


£n^0(rj^+j2)2 

P cos^ 9 + r\ 

(2.49) 


and introducing as before k = 1(1 — cos 9) we find 


To generalize the super-entropic black hole solution to 
higher dimensions, we start from the singly spinning d- 
dimensional Kerr-AdS geometry |24) . 

2 2 2 
-k -k ^d6»2(2.44) 




PI 

sin^ 9 


dt — ^ sin^ 9d(p 


-k 


adt -^— d(p 


where 


-k cos^ , 


Aa = (r^ -k a^)(l + -p ) “ 2mr 


^ Sa = 1 - -p cos^ 9 , 


^ P' 


2 2,2 2 , 
Pa= ^ COS I 


(2.45) 


Replacing cp = ipa, everywhere and then taking the limit 
a —>■ I we obtain 


„2 _ A i-2qji\2 , ,2 , P^ 


ds = - izidt — l sin ddip) -k -^dr + 

p‘^ A 

sin^d 


sin 0 


-d9^ 


H- —[Idt— (r^ + r)dipY cos^9dQ. 


d-4 ) 


(2.46) 


where 


A = 


2.2 


-k y) ’ - 2mr^-‘^ , =r^ + f cos^9 , (2.47) 

and dil^ denotes the metric element on a d-dimensional 
sphere. As before, ip is a, noncompact coordinate, which 
we now compactify via ip ip + p. It is straightforward 
to show that the metric (2.46) satisfies the Einstein-AdS 
equations. Horizons exist in any dimension d > 5 pro¬ 
vided TO > 0 and in d = 5 provided to > P/2. We 
pause to remark that a method similar to that of min] 
could be used to generate these solutions beginning with 
a d-dimensional generalization of a Carter-Plebanski-like 
solution and then choosing its parameters so that the 
metric function has two double roots. We do not explore 
this alternative here. 

Similar to the 4-dimensional case, the solution inherits 
a closed conformal Killing-Yano 2-form from the Kerr- 
AdS geometry, h = db, where 


b = {P cos^d - r2)dt - 1{P cos^d - siiP9)dip . (2.48) 


dsl = {rl + P) 


d^P 

4k2 



-k r^dD 


2 

d-4 • 


(2.50) 


This is a product metric of two spaces x S‘^~^ of 
constant curvature; the horizons of these black holes are 
non-compact and have finite horizon area. Similar to the 
four-dimensional case, they have topology of a cylinder 
as the actual axis is excised from the spacetime. 

The thermodynamic quantities for these black holes in 
extended phase space are given by, 


M = -Yr— (d — 2) TO , 


T = 


Stt 

1 


J = 


d- 2 


Ml, n = 


+ P ’ 


47rr_|_P - 

^d-2 n2 


(d — 5)^^ -k ri(d — 1) 


A 


S=^(P+ri)rt^= ^ 


V = 


r+A 
d- 1 ’ 


(2.51) 


with ujd given by ( |2.41 ). Here SI is the angular velocity 
of the horizon and J and M have been computed via 
the method of conformal completion as the conserved 
quantities associated with the and dt Killing vectors, 
respectively. These quantities satisfy both the first law 
(2.38) and the Smarr relation ( |2.39 ) [14]. 

The isoperimetric ratio for these black holes reads 


7^ = 


/ r+A \ /Wd- 2 \ 3^ 

Ud- 2 y V A ) 


(d-l)(d-2) 


< 1 , 


(2.52) 


and so, similar to their 4-dimensional cousins, these black 
holes are also super-entropic. 


III. BLACK HOLES OF MINIMAL GAUGED 
SUPERGRAVITY 

A. Super-entropic limit 

Let us consider the general rotating charged black hole 
in hve dimensions, a solution of minimal gauged super- 




































gravity constructed in 


or, 


2 ,2 fuj^ T,dr^ 


I]d 6»2 


A = 


v^gi 


w 


(3.1) 


where we have defined 

+ !:^ cos’Mv 

u — b sin^ Odcj) + a cos^ Od'il ), 

Sdt 

^ ^ ^ 

“a “6 


• 2nd'4> , 2/i^V' 

— asm 0 ;;- bcos^O^^ , 


(3.2) 


and 


5 ' = : 


; cos^ 0 + Sft sin^ ( 


A = 


(r^ + a^)(r^ + lr)p^/r + + 2abq 


S = + a^ cos^ 0 + 6^ sin^ 6 , 

,2 ^2 


— 2m, 

2 2 I ;2 

p = r + i , 


= 1 - — 
/ 2 ’ 


/ = 2mS — q^ 


lb 1 p 


2abq 


S. 


(3.3) 


The black hole rotates in two different directions, corre¬ 
sponding to rotation parameters a and b, parameter q is 
related to the black hole charge. 

Our goal here is to perform the super-entropic limit. 
As we will see, this is only possible along one azimuthal 
direction, which we take to be the ^-direction. In so do¬ 
ing, we cannot apply directly the procedure used for the 
singly spinning solution to the metric in [29] since this 
metric is written in coordinates which do not rotate at 
infinity. For this reason we perform the following coordi¬ 
nate transformation of (j) and/or ijj: 

= + = '<pR+ (3.4) 

where (jjji and ipn are new ‘rotating at infinity coordi¬ 
nates’. We then have 

absin^O , ,. 2^,1 2^,1 

V = —;;;—at -b osm ddcpB. + a cos Odip 


P 

= ^dt + bsiT?9d(f)pi -b acos^OdtpR . 


62 


w = ^1 — — sin^ 6 *) ^- 


dt asirrOdtjiii bcos^Odip 


= dt — 


P y 

a s\v?9d(j)R b cos^ OdipR 


(3.5) 


(3.6) 


dr = — 


sin ^0 ■ 


(r^ -b a^)d(rR + "^(^^ + a^)dtd(j)R 


p ve V ' ' p>\ 

cos^O r 




H—^ 


lb 

dP 

~P 


[P -b b‘^)d'ipR +‘^{r + b^)dtd'ipii 




(3.8) 


giving the solution in transformed coordinates. 

We are now ready to perform the super-entropic limit 
in the (/-direction. We begin by setting 




(3.9) 


while we keep b as is, and then take the limit a ^ 1. We 
have S sin^PSf,, 


V ^ Vs = - sw?9dt -b I cos^9dp 

b 2 

= jdt + I cos 9d'ij}R , 


(3.10) 


/ P 2 d\ dt , , „ , 

Ws = (1 — 777 sm 0 ^- I sm 9d(p — 

V P / Sf, 

bcos^9dtljR 


UJ 


bcos'^9di{j 


= dt — I shrddif — 


(3.11) 


and dr ^ , where 

sin ^0 


djs = - 


P 

cos^d r 

2 b 

sin^d 

P 

COS^d ' 
2 b 

dP 


(p^ -b P)dP — 2lp^dtdp 

(P‘ df‘^ 

{p+p)dr - ^ 


p 


(p^ -b P)dP - 2lp^dtdip 

{P -b b‘^)d'ijj'^ + ^(^^ + b'^)dtdil}R 




(3.12) 


So we get the doubly-spinning charged super-entropic 
black hole metric 

2 2qVsUis , fuJs , HdP Yidd^ 


ds^ = dYs - + PY 


S 2 


A 


+ 


Hb sin^ 6 > ’ 


A = 


\/3qu 


(3.13) 


At the same time, we find 


dj = ^ 


sin d r 


2 a 


(P + a^)d(p% + + a^)dtd4>R 


dP P 


p 

cos^d r 


(P + P)dp'^ - 


P 

p^dP'' 

~1^ 


(3.7) 


where Vg, ojs, and dy/ are given by (3.10)-(3.12), coordi¬ 


nate p is identified with period p, p ~ (p -b p, and 
p\P+ b^)/P+q^+2lbq 


A = 

/ = 2 mS- 92 -b^S, 

J: = P +P cos^ 9 + b^ sin2 


— 2m , 

^ = 1 -^ 
^b 1 ^2 


(3.14) 
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One can show that this metric satishes the Einstein- 
Maxwell-AdS equations. Horizons exist provided 
A'(r+) > 0. 

Note that the super-entropic limit in the tp (instead 
of (p) direction would be exactly analogous. However, 
once the super-entropic limit in the ^-direction is taken, 
it is no longer possible to perform an additional b —>■ I 
(■i/j-direction) super-entropic limit. This is because of the 
l/Sfe fa ctor i n the geg component of the super-entropic 
metric (3.13)—the corresponding divergence cannot be 
absorbed into a new azimuthal coordinate. So we con¬ 
clude that it is not possible to take successively super- 
entropic limits in several directions. Neither does it seem 
possible to set several rotation parameters equal and then 
perform simultaneously the super-entropic limit in all 
such directions. What is, however, possible is to combine 
the super-entropic limit in one direction with the hyper¬ 
boloid membrane limit in another direction; we discuss 
this in Appendix B. 


B. Basic properties 


We now turn to a brief discussion of the horizon and 
extended thermodynamics of the obtained charged black 
hole solution. For concreteness we discuss these in co¬ 
ordinates (t, r, 0 ), where the coordinate ip does not 
rotate at infinity. 

The induced metric on the horizon takes the form 


dsl = 


cos 20 (r 2 -H & 2 ) f+(, . , bcos'^edip\^ 

— dip -I- 11 sm H-^- 

V ^ 

2ql cos"^9dtp . n„, bcos^Odtp 

-A—-H I sm^edif H-^-- 

E+ V 

(3.15) 




Sfjsin 0 


where all quantities are evaluated at r = r_|_ given by the 
largest root of A(r+) = 0. For 6 = 0 and 9 = 0, this 
reduces to the case studied in the previous section. 

Let us for simplicity set q = 0 and examine the behav¬ 
ior close to the pole 0 = 0. As before, we perform the 
change of coordinates. 


K = Z(1 — COS0) (3.16) 


and consider the limit k —> 0. The metric becomes, 
'dK^ 4K^(r^-I-6^)?- 


dsl = ^' 




-f 


46K(r^ -I- 6^) 
Pr'j_ 


Pj 


difdtp 


-dip^ 

+ ^ dtP^. (3.17) 


In particular, the tp = constant slice reduces to a metric 
of constant negative curvature on a quotient of the hyper¬ 
bolic space showing that the horizon is non-compact. 
The slice of constant (0, ip) is just 

The embedding procedure for constant tp slices of the 
horizon proceeds as before—the results are shown in 
Fig.@ where we have displayed them for p = 2 ty, I = 1, 


r_|_ = and for various values of 6 and q. These 
2 -dimensional slices are visually similar to those of the 
metric ( 2.50| ): the function z(0) —>■ oo for 0 —>• 7 r, 0 . De¬ 
creasing 6 results in “squashing” the horizon, while an 
increase in the charge parameter causes the horizon to 
“bulge out”. 

The obtained solution is characterized by the following 
thermodynamic quantities: 

/i (m -I- bq/l){2 + Eg) 


M =-- 


"2 


Jip — 


— 


T = 


S = 


$ = 


/i Im 
4 E 
lijp 


bq 


g 


g 26m -|- g( 6 ^ -|- P)/l 


"2 

“6 


-) + bq 


Di/i — 


bpX/P -I- ql 


+ r^) -I- Ibq 
rj [2 + {2rl + b^)/P] - {bl + q) 
27rr+ [/9+(62 -I- r^) -1- Ibq] 
pLTT [(6^ -I- r\)p\ + blq\ _ A 

^ J ’ 


pX(b^ + r\) + Ibq 


4r 

'Jiqr 


+^b 


(6^ -I- r\)pX -I- blq 


= ^ 


(3.18) 


To calculate the mass and angular momenta, the tech¬ 
nique of conformal completion was employed us¬ 

ing the Killing vectors dt^d^ and d^. The electric poten¬ 
tial is given by $ = A^, where f is the null generator 

of the horizon. The electric charge was computed using 
Gauss’ law, Q = (I/IGtt) §{*F — FA A/y/S). 

Identifying the mass as the enthalpy of the spacetime, 
one finds that the extended first law ( |2.38| ) holds if 

([('■“ +3^)? - + q) 


V = 


qbl [(26^ 3rl)f + Ibq - 6 ^^ 


(3.19) 


is identified as the thermodynamic volume. These dehni- 


tions are also found to satisfy the Smarr relation (2.39). 


Furthermore, the thermodynamic quantities are found to 
reduce to those presented earlier for the case of a singly- 
spinning 5-dimensional super-entropic black hole in the 
limit 6 — 0 , 9 —>■ 0 . 

Let us now discuss the fate of the reverse isoperimetric 
inequality for this black hole. In the case where b = q = 0 
we recover the 5-dimensional singly rotating solution dis¬ 
cussed earlier, which we know to be super-entropic. Here 
we find that for non-zero 6 , q this result is not strictly 
true: these black holes are super-entropic for some range 
of q and 6 , but not for all possible q and 6 . 

Consider first the case where 6 = 0 and q 0- In this 
circumstance, the isoperimetric ratio (2.40) is given by. 


Fb=o = 


P 


1/12 


< 1 . 


(3.20) 


This indicates that, when 6 = 0 these black holes vio¬ 
late the Reverse Isoperimetric Inequality, satisfying the 
Isoperimetric Inequality instead. 
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FIG. 2. Horizon embeddings in 5d. Diagrams display the 2-dimensional tj) = const, horizon slices embedded in E® for the 
following choice of parameters: 6 = 0, g = 0 (left), b = 0.8 , q = 0 (middle), and b — 0.8, g = 45 (right). In all plots we have set 
fj, = 27r, r+ = vTO and I = 1. 



FIG. 3. Isoperimetric ratio. Left. A plot of TZ (curved blue sheet) for g 
to condition (3.21 1 . Right. A plot of TZ for x = 0.5. 


0; note that a small region of x is excluded due 


However, for non-zero b the situation is more compli¬ 
cated. To study this case we will employ the dimension¬ 
less parameters x = r+/l, y = b/l and z = q/P. In terms 
of these parameters, the criteria for the existence of black 
holes (namely A'(r+) > 0) takes the form, 

x'^(2 + 2x^ + y^) > {y + z)^ (3.21) 

and we shall enforce this in what follows. The simplest 
case one can consider is the case of nonzero b, but van¬ 


ishing q. In this case we have, 

12 _/I\ (3x^ + t/^-2xV)3 

\27j x^{l-y^)^ix^ + l)ix^ + y^)' 


(3.22) 


This relationship suggests that, for some y, the Reverse 
Isoperimetric Inequality holds. For example, the factor 
1—y'^ in the denominator ensures that as j/ —>■ 1, 7^ —f oo. 
However, the Reverse Isoperimetric Inequality does not 
strictly hold for these black holes. To see one example of 
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this, consider eq. (3.22 1 for small values of y. In this case 
we can write, 


7^l" = 


-(l + V)+0(y4)^ 


(3.23) 


which, for example, is is less than one when < l/(4a;^). 
So we see that the Reverse Isoperimetric Inequality is not 
saved by the addition of another rotation, provided this 
rotation is sufficiently small. Fig. (left) shows a plot 
of TZ (with condition (3.21) enforce^ for the case q — 0 
highlighting the effects just discussed. 

The situation is very similar when charge is included. 
The additional effect of the charge can be understood in 
the following way: for a given value of x the minimum 
value of y for which TZ.> 1 decreases as z increases. This 
is illustrated in Fig. (right). 

To summarize, not all newly constructed ultraspinning 
charged AdS black holes violate the Reverse Isoperimet¬ 
ric Inequality (and so are not ‘super-entropic’). Depend¬ 
ing on the value of parameters q and 6 , some of them 
do and some of them do not satisfy TZ> 1. However we 
shall continue to refer to this entire class of black holes as 
super-entropic since there is always a range of parameters 
in the metric (3.13) for which the Reverse Isoperimetric 


Inequality is violated. 


IV. GENERAL KERR-ADS BLACK HOLES 
A. Super-entropic limit 

In this section we shall apply the super-entropic 
limit to the general multi-spinning Kerr-AdS black hole 
spacetimes [331 IM]- Such spacetimes generalize the 
d-dimensional asymptotically-flat rotating black hole 
spacetimes of Myers and Perry [35j and represent the 
most general vacuum with cosmological constant. 


^ah ^2 I)lla6 ; 


(4.1) 


black hole spacetimes of spherical horizon topology with¬ 
out NUT charges [36]. In the generalized Boyer- 
Lindquist coordinates the metric takes the following 
form: 


,2 T 2 2777. 2 U dv 

ds = d'j + + —— - 1 - dQ , 

U r — 2m 


(4.2) 


where, following the 5-dimensional case, we have defined 

N 


, 2 

dj = - ^dt 




Z =1 


2 I 2 1 7»-rc •} 

‘ (y:4 


N-\-e 2 I 2 

— af 


Z =1 


Hidni 


i=l 


N 


ainjdft)^ 




(4.3) 


and, as usual m + r, while 

N-\-€ 2 N-\-e 




N 




F = 


J.E 2p2 


N 


P 




i=l 


•■ = I - — 

P ■ 


(4.4) 


To treat even {e = 1) odd (e = 0) spacetime dimension¬ 
ality d simultaneously, we have parametrized 


d = 2N+l+e 


(4.5) 


and in even dimensions set for convenience aN+i = 0 . 
The coordinates pt are not independent, but obey the 
following constraint: 

N+e 

= (4.6) 

i=l 

In general the spacetime admits N independent angu¬ 
lar momenta J^, described by N rotation parameters a^. 
Namely, the mass M, the angular momenta Jj, and the 
angular velocities of the horizon read m 

mujd-2 1 


M = 


47r(n,— 7 ) 


J,= 


i=i 

aimuJd-2 


fl,: = 


Qj (1 + 7^) 

rl + af 


(4.7) 


47rSi(n7Sj)’ ,+ ■ 

while the temperature T, the horizon area A, and the 
entropy S are given by 

N 


1 

T= 

27r - 


r+ 




1 


i=l 


T+ 


f-- 

rl 

V2 

2PJ 


A = 


N 2 I 2 
Wd -2 T-r af +ri 


^1 —£ 


n 




(4.8) 


The horizon radius r+ is determined as the largest root 
of F — 2m = 0 and ujd is given by Eq. (2.41). 


Our goal is to take the super-entropic limit of 
these spacetimes. Similar to the doubly-spinning 5- 
dimensional case, it is possible to take this limit only 
in one direction, which we choose to be that of the (pj 
2 -plane. 

Let us start by looking at the part of the metric. 
The trick is to ‘separate’ the 4>j direction and take the 
limit 07 —> Z, the important observation being that 

WE, ^ . 

We have 


+ af 








-A 


2(r^ -I- af) 


2 I „2 


(4.9) 

.dpi'j 


Zjp 

+ af 
^3 


Pj dpj (E- „ Pidp^ 




i¥^3 

r'^ + af „ 

1 - I pf 

W ^j 


(4.10) 
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Obviously, the limit can be straightforwardly taken for 
the first 3 terms, while the last term reads 




+ J 2 f 


„2 /,2 _ ^ .72 

^ ^,,2 / ,,2 

“■o2 






ly 




(4.11) 


i=jtj 

Putting everything together, we have dVP' —>■ dVi^, where 


dill = j: _ 2*2 (x; 


*7^i 


+^f(y(r + /V?) 


p 


where we have defined 


w=j:^. 


(4.12) 


(4.13) 


Note that there is no further scope for setting any other 
tti ^ I — this additional limit will cause the preceding 
expression to diverge. 

To proceed further, we switch to the rotating frame by 
setting 


Then we have 




a; = (IT + ^ “^4^ 

^3 


(4.14) 


(4.15) 




Upon setting 


'fj = ^ 


(4.16) 


and taking the limit aj —> Z, we have uj —)■ 

Ws = (lU + fJ.‘^)dt - IfX^dipj - ^ o,rPiA(j)i ^ (4.17) 

Similarly we have 

Oj^ U?‘ rJi^ 


p 


+ 2a^^^(r‘ + 4)^ + Y: . (4.18) 

I ... 

which limits to 

dt^ 2p^^‘]dtdip 


7 2 f ptxt 2 \ 2 272 ^ 

dj^ =—y{W + fj-j)p - Y 








Putting everything together we arrive at multiply spin¬ 
ning super-entropic black holes, given by 


T 2 7 2 2y7r 2 

ds = d 7 s -I- -I- 


TI dv‘^ 

— (4.20) 


where lU, are given by (4.12 1 , (4.131, (4.171, 

(4.19) and we have 


U = r‘ 


(/^i + E 


2 2 ^ 

pip 




]^(r^ + oil) ■. 

k=^3 


(4.21) 


„e-2A ^ 


P 


i¥^j 


= ^- ^ ioT i^j ■ 


We stress that the /i’s are not independent as they still 
satisfy the constraint (4.6). We also identify the coordi¬ 
nate (pj ^ pj + p. 


B. Basic properties 


Let us briefly discuss some of the basic properties of 
the newly constructed multispinning super-entropic black 
holes. 

First, the super-entropic geometry inherits from the 
Kerr-AdS spacetimes a remarkable property—it pos¬ 
sesses a hidden symmetry associated with the principal 
Killing- Yano tensor, h = db [38]. After the transfor¬ 
mation (4.14), the Killing-Yano potential in the original 


Kerr-AdS spacetime reads (cf. Eq. (B.14) in [33]) 


25 = 


7 2 I 2 2, 2 2 fi I 1 \ 


dt 


i¥=j 


, + af 


-Ojp] ^ dcjdf - ^ Z'^'' d(j)i. (4.22) 

i=jLj 


After the ultraspinning limit, this gives a Killing-Yano 
potential for the super-entropic black holes (4.20), given 
by 


25., = 


y + e4 + Y«iPb + '^]) 


dt 


i¥^j 


-Iplp^dpj - ^ dpjdi. (4.23) 


Similar to the original Kerr-AdS spacetimes, such a ten¬ 
sor guarantees complete integrability of geodesic motion 
as well as separability of various test field equations in 
these spacetimes |28j . In particular, this implies that one 
can study geodesic completeness in a way similar to what 
we did in Sec. |IIC] for 4-dimensional super-entropic black 
holes. 


(4.19) 
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Let us now turn to the horizon. The corresponding 
induced metric reads 


<bf. = § 






2 I 2 


fxfdc/>^ + dfi^, 


(4.24) 


where all the quantities are evaluated at r = r_|_. As 
before, we are interested in the behavior near fj,j = 0. 
Considering the ipi = const, and fit = const, slice, and in 
the limit fj.j —>■ 0, the previous expression has the follow¬ 
ing leading order expansion: 


ds 


2 

h 




(4.25) 


As before, this is a metric of constant negative curvature 
on and so the super-entropic limit has yielded a non¬ 
compact horizon here as well. 

Finally, we shall discuss the thermodynamics of the ob¬ 
tained solution. Employing the same technique as before, 
we recover the following thermodynamic quantities: 


M 

rij 

T 

A 


muJd-2 




47!-n 




I 


2 ’ IHrl+a^)^ 


o 1 — 

P+ 
lmLOd-2 
47rnfc/j2fc ’ 


a{P + r\) 


aimuJd-2 


dTT^i Ylk^j 


1 


27r L P 


r+ 




I+V 

2 P) 


+ 


N 2 

^d -2 2 TT ^ 




(4.26) 


One can verify that these satisfy the traditional first law. 
If we now identify the black hole mass as the enthalpy 
of the spacetime, we find that the extended first law is 
satisfied provided the thermodynamic volume is given by 


V = 


r+A 
d- 1 


Stt 

(d-l)(d-2) 


i¥=3 


(4.27) 


It is easy to see that, in the case of a single rotation, 
Eq. (4.271 reduces to the expression presented in (2.51) 
for the thermodynamic volume—namely the naive geo¬ 
metric volume. This allows us to make some immediate 
conclusions regarding the Reverse Isoperimetric Inequal¬ 
ity. We see that for small rotation parameters a^, the 
thermodynamic volume will be close to the naive geomet¬ 
ric volume, Vo = r+A/{d — 1). As was discussed in the 
context of the singly spinning super-entropic black hole, 
the naive geometric volume satisfies the Isoperimetric In¬ 
equality. Therefore, we can immediately conclude that in 


the general case the Reverse Isoperimetric Inequality is 
violated for small values of the rotation parameters a^. 
Thus it is only for some parameter values that these ul¬ 
traspinning black holes violate 7^ > 1 and so are super- 
entropic, though we shall refer to this entire class by that 
name. 


V. CONCLUSIONS 

We have utilized the novel super-entropic ultraspin¬ 
ning limit to generate a broad new class of black hole 
solutions, significantly deepening the analysis performed 
in [T2]-[T4j. Namely, we have constructed new higher¬ 
dimensional multiply spinning super-entropic black holes 
starting from the general Kerr-AdS metrics in all di¬ 
mensions and the general rotating black hole of minimal 
gauged supergravity in five dimensions. All such new 
solutions are super-entropic in one direction. It seems 
impossible to perform the super-entropic limit in sev¬ 
eral directions, neither successively for several rotation 
parameters nor simultaneously for equal spinning black 
holes. However we found that it is possible to combine 
the super-entropic limit in one direction with a hyper¬ 
boloid membrane limit in another direction, obtaining a 
novel super-entropic hyperboloid membrane solution of 
Einstein’s equations. The technical aspects of these var¬ 
ious limits are discussed in the Appendices. 

The super-entropic limit can be thought of as a simple 
generating procedure. Starting from a known rotating 
asymptotically AdS black hole solution, one performs a 
coordinate transformation that puts the metric into “ro¬ 
tating at infinity” coordinates in one azimuthal direction. 
This rotation is then boosted to the speed of light by 
taking the (naively) singular a —> I limit in a sensible 
way. The result is a nontrivial change in the structure 
and topology of the spacetime, since it is no longer pos¬ 
sible to return to non-rotating coordinates and the axis 
of rotation is excised from the spacetime. In all cases 
examined, the resulting black holes possess the unique 
feature of having a non-compact event horizon of finite 
area. Topologically, the event horizons are spheres with 
two punctures (i.e. cylinders), and as such these black 
holes could be considered the AdS generalization of the 
asymptotically flat black cylinders considered in naso], 
though they do not have a smooth flat-space limit. 

In the context of extended phase space thermodynam¬ 
ics the entropy per given thermodynamic volume of all 
solutions was found to exceed the naive limit set by the 
conjectured Reverse Isoperimetric Inequality m, for at 
least some range of the parameters. For this reason we 
refer to all such black holes as “super-entropic”. This 
feature is attributed to be a result of the non-compact 
horizons of these black holes. As suggested in mi, these 
super-entropic black holes do not necessarily spell the 
end of the Reverse Isoperimetric Inequality Conjecture, 
but rather suggest that it applies to black holes with 
compact horizon, in analogy to the standard geometric 
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isoperimetric inequality in Euclidean space. The proof of 
this (restricted) conjecture remains an interesting open 
problem. 


Since we want to keep the physical mass M and angular 
momenta Ji hnite for all i, we have to have m ^ g2(d-5)^ 
Namely, we set 


m —> , (A3) 
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Appendix A: Black Brane Limit 

Ultraspinning black holes were first studied by Em- 
paran and Myers m in an analysis focusing on the sta¬ 
bility of Myers-Perry black holes m in the limit of large 
angular momentum. As briefly discussed in the introduc¬ 
tion, for AdS black holes several physically distinct ultra¬ 
spinning limits are possible. In this appendix we review 
the first type—the black brane ultraspinning limit—first 
studied by Caldarelli et al. uni for Kerr-AdS black holes. 
The procedure consists of taking a limit where one or 
more rotation parameters, a^, approach the AdS radius, 
I, Qi ^ I, keeping the physical mass M of the black hole 
spacetime fixed while simultaneously zooming in to the 
pole. This limit is sensible only for d > 6 and yields a 
vacuum solution of Einstein equations (with zero cosmo¬ 
logical constant) describing a static black brane. Armas 
and Obers later showed that the same solution can be 
obtained by taking a —>■ cx) while keeping the ratio a/l 
fixed, their approach having the advantage of being di¬ 
rectly applicable to dS solutions as well m- 

In this appendix we follow the original reference m 
and demonstrate the procedure for the multiply spinning 
Kerr-AdS black hole spacetimes discussed in section [Iv] 
We also comment on an (im)possibility of taking the 
black brane limit starting from the newly constructed 
super-entropic black holes. 


1. Limit in one direction 


Let us first discuss how to take the black brane limit 
in one direction, associated with the j 2-plane. Starting 
from the Kerr-AdS metric (4.2) we perform the following 
scaling: 


t = e^i, r = e^f , ^ ^ cr/l, (AI) 

where 

e = ^ ^ 0 as CLj —^ I. 


where the factor P was chosen to cancel a factor of P 
in U after the rescaling. For the limit to work, we must 
have also keep m/U finite. Using the scalings (|Al[), 


N+e 2 

U = r^J2 


N 


r‘‘ + a, 

i=l ® k 




(A4) 


= 




N 




-E 


+ aj 




We see from this that we will not have U ^ 
unless we rescale the aPs so that 

Ui —>■ Pdi for i ^ j ■ (As) 


Let us define the following two functions for future refer¬ 
ence: 


N+e 9 N 

N 


2 I Y[(.r^ + al), 


F = + of). 


(A6) 


Then we find 




4*2 , 2n N 




giving (in the limit e —>■ 0) 


m 

U 


(A7) 


(AS) 


Also the limits of W and F are now easy to take 
2 ^ 

■ (l+^) lliP + a^) = , 


F = r' 


■e-2 I 


N+e 2 


i=l 

2 N+e 




i=l 

Af-l-e 


P ' ^ (l-e^df/P) 


= Y,Pl + 0{e^) = l + 0{e^). 


(A9) 
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Hence we get the correct scaling of F to keep U/{F — 2m) 
finite. We also have 


N 


ainjdfjii ^ajcr^dcj) 






P 


E 


(l-e%f/P) 


N 


= ^ di^ifd(j)i + 0{e^), 


N 


E T + Oi 2 7 I 2 


i=l 


e8r2 + e4a2 


12 


cr^d(^| + E 


^2 I ^2 

r + aj 


*7^i 


{l-e^dyp) 




N 


= e^-j^a'^d(tP^ + e"* + ai)njd(lP, + 0(e®), (AlO) 

and the d/ii terms give 

^+'^„24-o2 


N+e ^2 I -'2 

r + af 


i=l 


12 


Ett^ 


i¥=j 


(l-e4d2/12) 




= e4“l 


N+s 


p 


da^ + E > 


N-\-S 2 I 2 

1'-^ r^ + af j 

1 2 ^ ^2 - P^d^l^ 

i=i 


*7^1 

2 


'e®f2 + £4^2 


V+£ ^2 , -2 

4 r2 + of 


12 


oda + E TTI 


*7^1 


{l-e^ayP) 


Hid^ii 


= 0(e®). (All) 

Now that we know how all the components of the metric 
scale at lowest order as we take the black brane ultra¬ 
spinning limit, we can set (jjj = tp, and rescale the metric 
by a constant conformal factor, s = e^s. There are no 
components of order less than 4 in the rescaled metric, 
so we may cancel the e"^ and complete the limit Oj —> 1. 

The obtained metric is a vacuum solution of Einstein 
equations with zero cosmological constant that describes 
a (static in the original 2-plane) black brane 

7-2 7^ 2m / ^ 2 7, Udf^ 

ds'^ = —dP -\—^ idt — } aiU,~d(^i I -f - 

[/ V J F-2m 

N+e 

+ da"^ + a'^dip^ + ^ (f^ -I- d^)d/i^ 

N 

+ al)p.ld(fl. (A12) 

i¥=3 


Here, the metric functions F and U are given by (A6), 
and the coordinates pi are bound to satisfy the following 
constraint: 

N+e 

E = 1 ■ (A13) 


Note that in the process of taking the black brane limit 
we have ‘lost’ the AdS radius I and no longer have an 
asymptotically AdS space. This is in contrast to the 
super-entropic and hyperboloid membrane limits which 
retain their asymptotic AdS structure. Another differ¬ 
ence is that the black brane limit can be simultaneously 
taken in several direction^ whereas this is impossible 
for the super-entropic limit. We shall discuss this next. 


2. Limit in multiple directions 


The black brane limit, contrary to the super-entropic 
limit, can be simultaneously taken in several directions 
[40l|4l]. Let us start from the Kerr-AdS solution (4.2) 
where we set several rotation parameters equal, Qj = 
a for j = We want to take the limit a ^ 1. 

The procedure is very similar to the above, but we must 
choose the various scalings more carefully. We begin as 
before: to keep the mass finite, we must now have m 

(4.7). In this case all the angular momenta 


Jj also remain finite. If r and the remaining at scale 
as before, then, after writing aj = a for j = 1... n, 
reindexing dfc to fc = 1,... A^ — n -f e, and defining 


AT—n+e: 2 N—n 

* k=l 


Fr, = r 


6-2 


N-r, 

n( 


r^ + a?) 


(A14) 


we have 


N-n 


JJ _ J^N-An+2e ~e 


n +«fc) 

k^l k^l 

n 2 -/V -n+ g 

(E ,4^:2 1;,2 + 74 E 


4 -2 


al) 


Pi 


. e4f2 _|_ q2 

J = 1 4 

= + ■■■ . 




(A15) 


Since we want m/Un ^ e°, in the multispinning case we 
must have the following scaling: 


t = eH, m = Z2"e2(d-2n-3)^ ^ ^ ^ 


Choosing further 


2(d-27i-3) 


ji^=e^+^aj/l for j = l,..., 


(A16) 

(A17) 


^ Since the result of the black brane limit is no longer AdS it is 
not possible to take several such limits successively. 
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we also have 


N+e 




k—n-l-1 


F = r 


e-2 


2 ^ 

(^+ p) + «*) 


_ ^{d—2n—^)j2np^ 


(A18) 


The other limits are similar, and so the black brane limit 
taken in n directions gives the following metric (s = e^s): 


In four dimensions, applying the coordinate transfor¬ 
mation (Bl) to the Kerr-Newman-AdS metric (2.1) and 


taking the limit a —>■ Z, we find 

ds^ = —f{dt — I sinh^((T/2) + 


dr^ 


+ —(dcr^ + sinh^tTcZ^^) 


where 


/ = 1- 


2mr 


p, p^ = r^ + l^. 


(B2) 


(B3) 


„ .. N—n 

ds^ = —dP + -^(di— ^ dip^dcj), 


i¥=j 


Undf'^ 
Fn — 2rh 


n N—n-\-e 

i=i i=l 

N-n 

+ + ai)pfd(l)^i , (A19) 

i=l 

where we have set ipi = 4>i for z = n + l,...A^ + e, func¬ 
tions U and F are defined in (A14|, and the constraint 
now reads 


N—n+e 

E '•Nr 

i=l 


As when this limit is taken in only one direction, it can 
only be done for d > 6 and the resulting space is no 
longer AdS. 

Let us finally mention that we were unable to obtain 
the b lack brane limit of the super-entropic black holes 
(4.20)—the super-entropic and the black brane limits 


seem incompatible. However, as we discuss in the next 
appendix, it is possible to combine the super-entropic 
limit with the hyperboloid membrane limit. 


Appendix B: Hyperboloid membrane limit 

In this appendix, we examine another type of the ultra¬ 
spinning limit—the hyperboloid membrane limit—and 
its compatibility with the super-entropic limit. The hy¬ 
perboloid membrane limit was first studied in unins], 
where it was found applicable to the Kerr-AdS spacetime 
for d > 4. In this limit, one lets the rotation parameter a 
approach the AdS radius I, a ^ I, while scaling the polar 
angle d —>■ 0 in a way so that the coordinate tr defined by 


sin 0 = •\/Ssinh(CT/2) 


(BI) 


remains fixed. Contrary to the super-entropic limit, this 
limit does not require any special rotating frame. We 
shall now demonstrate how this works for black holes in 
four and five dimensions. 


Note that whereas the black brane limits discussed in 
the previous appendix yield asymptotically flat metrics, 
this limit retains the asymptotically AdS structure of the 
spacetime. 

Let us next consider the doubly spinning black hole 


of minimal gauged supergravity studied in Sec. Ill For 
concreteness and future reference we shall perform the 
hyperboloid membrane limit in the ^-direction, that is 
send 5 —>■ Z, in a coordinate system where 

the coordinate (j)R rotates at infinity. Starting from the 
metric (3.1) with iy,uj,d'y'^ given by ( |3.5[ ), (3.7), we apply 
the following substitution analogous to (Bl): 


COS0 = \/^cosh(CT/2). 


(B4) 


(A20) Note that while (Bl) “zooms in” on d = 0, this substi¬ 


tution zooms in on d = 7r/2, so that we may take b 
instead of a —>■ Z. 

Upon the limit 5 —>■ Z we then have r —>■ Vm, a; —^ i 
d'f^ —>■ d'j^, where 


Z 


a . 

= -jdt - 


ld(j)R , 


ujm = dt — ^^dcjiR — I cos\P{a/2)dip , 

“a 

cZ7m = i^\{P + a^)d(pR + a^)dtd(pR 

L L 


dP ( 2 ( 

--p{P 
- cosh^(cr/2)p^ 




dip^ - 


dP' 

7^. 


(B5) 


The hyperboloid membrane solution then reads 

,2 ,2 2.qu^uj^ fmUjl, , p'^dP 

ds =dj^- 


p4 


+ 


A = 


p^sinhq(T/2) dP 
o cosh^((T/2)-I-1 4 


(B6) 


where 


(P + P)p^/P +q^ + 2alq 


Am. = - It' ! ^ —:—:iy. _ 2fn ^ p'^ = p -\- p ^ 


2 2 I 2 " ^ ® 


/ = 2mp^ - = 1 - ^ ■ (B7) 
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This is a consistent solution of the Einstein-Maxwell-AdS 
equations in 5 dimensions. 

Obviously, no additional hyperboloid membrane limit 
can be taken in the a-direction [neither it were possible 
to take simultaneously two hyperboloid membrane lim¬ 
its of the original equal spinning metric]. However, the 


form of the metric (B6) suggests that an additional super- 
entropic limit can be taken. Indeed, beginning with this 
metric and rescaling (j)fi = in the usual way, followed 
by the a —> I limit, we have Vm dt, 

ujm (jJs = dt — Idtp — I cosh^{a/2)d'ijj , 


dll 


djs = ^ [2lp^dtdip - {p^ -b 
cosh^(cr/2) {dij; 


dt^ 


-TT • (B8) 


Hence we recovered the following super-entropic hyper¬ 
boloid membrane solution of minimal gauged gravity: 

2 ,2 ‘2qdtu}s fs^l p^dr^ p^sinh^(CT/2) 

ds = d'y^ -^ , , , 


fsUjl p^dr^ 


-da^ 


A = 






(B9) 


where 


A., = 




2 l^g 


— 2m , fs = 2mp^ — 9 ^ + ‘2qp^ 

(BIO) 

demonstrating that the super-entropic and hyperboloid 
membrane limits are compatible. Furthermore, they are 
commutative: one is free to take the limits in either order 


and the resultant solution will yield the metric (B9). We 
leave a further analysis of the properties of this solution 
for future work. 


Appendix C: Uniqueness of the Rotating Frame 


Throughout our analysis we have employed rotating- 
at-infinity coordinates when taking the super-entropic ul- 
traspinning limit. Here we will examine the uniqueness 
of the choice of rotating frame, discussing for simplicity 
the four-dimensional Kerr-AdS case. 

Let us begin with the Kerr-AdS solution written in the 
standard Boyer-Lindquist form, given by (2.11, (2.2) in 


the main text. In this form, the metric is already written 
in ‘rotating coordinates’, characterized by = —ajP. 
The fact that these coordinates are ‘rotating’ is crucial 
for the super-entropic limit—working in non-rotating co¬ 
ordinates leads to a singular limit. We can ask, though, 
what restrictions (if any) are there on the rotating coor¬ 
dinates we use? That is, are there other frames (besides 
that characterized by Boo = —a/P) in which it is possible 
to perform the super-entropic limit? Let us begin to an¬ 
swer this question by writing the metric in ‘non-rotating 
coordinates’ by transforming, 


$ = 


a 


(Cl) 


where $ is the non-rotating coordinate. We find, 

2. n2 


= -w 


i-b 


sin^^ 


PS 


, a sin 0 
dt --— 


+ ^d9^ 


Aa“' ' ^ 
S sin^0 


a 

P S 


2 I 2 H ^ 

dt -——d"!* 


It is now be clear that the limit cannot be directly taken 
in the non-rotating coordinates: the gu and compo¬ 
nents of the metric are singular in the a —>■ I limit and 
cannot be made finite through our rescaling of (f>. There 
appears to be two possible ways to fix this: one could 
simply re-scale t as t ^ ’Ed while simultaneously taking 
(j) —>■ E(f> or we could transform to a rotating frame and 
then take (j) —>■ Sc/). It turns out that the first method does 
not work (it leads to a singular metric) and so transform¬ 
ing to a rotating frame is essential. 

Now, starting from the non-rotating metric let us 
transform to an arbitrary rotating frame via the trans¬ 
formation. 


- Xj^t, 


(C2) 


where x is (for now) an arbitrary parameter. Note that 
with the choice x = 1 eq. (2.1) is recovered. We then 
have for the metric in rotating-at-infinity coordinates, 

-1 2 


ds^ = -^ 

Ssm^e 


, a^sin^d, , asin^d , 

1 H-;tT^(1 -X)]dt -;; —dip 


PE 


PE 


t—(1 — x) 1 adt - —dip 


-b a? 


n 2 


J 2 I in2 

-dr + -dB . 


(C3) 


Considering this metric we see that gtt and gt^p compo¬ 
nents can be made finite with the choice 


X = 1 -b -b o(S), (C4) 

where y is a parameter, with y = 0 yielding the coor¬ 
dinates we have used throughout the paper, and o(S) 
denotes terms of higher order in S. Note that we cannot 
have y oc or the argument will not work. We then 
have, in these coordinates, 

f^oo = -^(l + Sy) . (C5) 

This result tells us that we do face some restrictions in 
our choice of coordinates. For example, it is not possible 
to perform the super-entropic limit if one begins in coor¬ 
dinates that rotate at infinity with = — 2a/P since 
this would require y = 1/S, which is not valid. Now we 
must ask: when we perform the super-entropic limit in 
coordinates with an arbitrary (but valid) choice of y, how 
is the result related to our standard choice of y = 0? 
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The answer is that different values of y correspond sim¬ 
ply to coordinate transformations of the solutions dis¬ 
cussed in this paper - there is nothing qualitatively dif¬ 
ferent about the solution. To see this consider the trans¬ 
formation we made to the rotating frame 


* a * a ^ a 
= = (C6) 


Now recall that, at this point, when taking the super- 
entropic limit, we rescale (p via p = 'E.tjj and then take 


a ^ 1. So, with a non-vanishing y we have: 

'tp = i^ = —=- y-j^t = -ipsE-jt, (C7) 

where ijjsE denotes the azimuthal coordinate from the 
super-entropic solutions. So beginning in other rotating- 
coordinate systems just turn out to yield a simple co¬ 
ordinate transformation applied to the solution we have 
already obtained. 

We need to move to a rotating coordinate system be¬ 
cause otherwise we will have a divergence in and 
While there is some freedom in the choice of starting 
frame, we cannot perform the super-entropic limit from 
any rotating frame whatsoever. When an appropriate 
coordinate system is chosen, however, we always recover 
the ‘standard’ super-entropic solution (up to a simple co¬ 
ordinate transformation). 
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